The partition function for quantum weighted double Hurwitz numbers can be interpreted in terms of the energy distribution of a quantum Bose gas with vanishing fugacity. We compute the leading term of the partition function and the quantum weighted Hurwitz numbers in the zero temperature limit T → 0, as well as the next order corrections. The leading term is shown to reproduce the case of uniformly weighted Hurwitz numbers of Belyi curves. In particular, the KP or Toda τ -function serving as generating function for the quantum Hurwitz numbers is shown in the limit to give the one for Belyi curves and, with suitable scaling, the same holds true for the partition function, the weights and the expectations of Hurwitz numbers.
1 Introduction: quantum weighted Hurwitz numbers and their generating functions
Hurwitz numbers
Multiparametric weighted Hurwitz numbers were introduced in [8] [9] [10] 12] as a generalization of the notion of simple Hurwitz numbers [14, 15, 20, 22] and other previously studied special cases [1-4, 7, 16, 24] . It was shown that parametric families of KP or 2D Toda τ -functions of hypergeometric type [17, 21] serve as generating functions for all such weighted Hurwitz numbers, with the latter appearing as coefficients in a single or double expansion over the basis of power sum symmetric functions in an auxiliary set of variables. The weights are determined by a weight generating functions G(z), which depends on a possibly infinite set of parameters c = (c 1 , c 2 , . . . ). This can either be expressed as a formal sum
or an infinite product
(1 + zc i ), (1.2) or some limit thereof. Comparing the two, G(z) can be viewed as the generating function for elementary symmetric functions in the variables c = (c 1 , c 2 , . . . ).
For a set of k partitions (µ (1) , · · · , µ (k) ) of n, the geometrical definition of the pure Hurwitz number H(µ (1) , · · · , µ (k) ) is:
) is the number of distinct n-sheeted branched coverings Γ → P 1 of the Riemann sphere having k branch points (p 1 , . . . , p k ) with ramification profiles
..,k , divided by the order aut(Γ) of the automorphism group of Γ.
An equivalent combinatorial definition [5, 6, 14, 15, 18] is:
) is the number of distinct factorization of the identity element I ∈ S n of the symmetric group as an ordered product
where h i belongs to the conjugacy class cyc( mu (i) with cycle lengths equal to the parts of µ (i) , divided by n!.
We denote the weight of a partition |µ| , its length ℓ(µ) and define its colength as
(1.5)
Weighted Hurwitz numbers
As in [8] [9] [10] 12] for each positive integer d, and every pair of ramification profiles (µ, ν) (i.e. partitions of n), we define the weighted double Hurwitz number
where
is the monomial sum symmetric function [19] corresponding to a partition λ of weight
whose parts {λ i } are the colengths {ℓ * (µ (i) )} in weakly descending order,
where m i (λ) is the number of parts of λ equal to i and ′ denotes the sum over all k-tuples of partitions (µ (1) , . . . , µ (k) ) satisfying condition (1.8) other than the cycle type of the identity element.
The Euler characteristic of the covering surface is given by the Riemann-Hurwitz formula,
The particular case where all the µ (i) 's represent simple branching was studied from this viewpoint in [20, 22] . It corresponds to the exponential weight generating function
The weight is uniform in this case on all k-tuples (µ (1) , · · · , µ (k) ) of partitions corresponding to simple branching
and vanishes on all others. This is what is referred to as "simple" (double) Hurwitz numbers.
The τ -function as generating function
Choosing a small parameter β, the following double Schur function expansion defines the N = 0 value of a 2D-Toda τ function of hypergeometric type (at the lattice point N = 0).
where the coefficients r
are determined by the weight generating function G by the following content product formula
(1.14)
By changing the expansion basis from Schur functions [19] to the power sum symmetric functions p µ (t)p ν (s) it was proved in [8] [9] [10] 12] , that τ (G,β) (t, s)) serves as a generating function for the weighted double Hurwitz numbers
(1.15)
Quantum Hurwitz numbers
By simple quantum Hurwitz numbers [9, 11] we mean the special case of weighted Hurwitz numbers obtained by choosing the parameters c i as
where q is a real parameter between 0 and 1.
The corresponding weight generating function is
is the quantum Pochhammer symbol. Making the substitutions (1.16), the weights entering in (1.6) become
The (unnormalized) weighted Hurwitz numbers therefore become
Remark 1.1. The parameter q may be interpreted as q = e −ǫ for a small parameter
is interpreted as the ground state energy, and the higher levels are integer multiples proportional to the colength of the partition representing the ramification type of a branch point
Then (1.19) may be interpreted in terms of the energy distribution of a quantum bose gas with vanishing fugacity 24) assuming that the energy for k branch points is the sum of that for each 
(1.26)
as the generating function for simple quantum Hurwitz numbers.
2 Quantum Hurwitz numbers and probability measure on P d
The quantum weighted Hurwitz numbers can be interpreted in terms of probability measures on the set of integer partitions. We summarize the pertinent facts here and refer to Section 2 of [13] for further details. For k ∈ {1, . . . , d} consider the sets
where the partition function Z
is a probability measure; that is,
The fact that Z
(d)
E ′ (q) does not depend on n, provided n ≥ 2d, is a consequence of the results in Section 2 of [13] . We then have the expectation value
denotes integration with respect to the measure θ
where λ is the unique partition of d such that
.
(2.6)
Assume from now on that n ≥ 2d. By Lemma 2.1 of [13] the push-forward ξ
d does not depend on n and is given by
where for any λ ∈ P d ,
and further
(2.9)
3 Zero-temperature limit and asymptotic expansion
Recalling that the parameter q is interpreted as
for some ground state energy E 0 = ω 0 , the zero temperature limit T −→ 0 + corresponds to q −→ 0 + . In this section we state our asymptotic results in this limit. All proofs are given in the following section. We further assume throughout that d ≥ 2 and n ≥ 2d.
3.1 Zero-temperature limit: leading term Definition 3.1. The Dirac measure δ x at x ∈ S on a measurable space (S, Σ) is defined by
for all A ∈ Σ.
We begin by stating the leading order zero temperature limit. 
Remark 3.1. Note that the remaining surfaces, with exactly three branch points, with profiles (µ (1) , µ, ν), correspond to what is often referred to as Belyi curves [1, 16, 24] .
Higher-order corrections
We now consider higher order terms for the partition function and the quantum Hurwitz numbers. The follwing gives the two leading terms in weighted sum of functions on M
In particular, we obtain the following leading terms in the T = 0 expansion of the partition function. (Recall that p(d) denotes the number of integer partitions of d.)
For the zero temperature expansions of simple quantum Hurwitz numbers, we have the following leading terms Corollary 3.5. For any µ, ν ∈ P n we have, as q → 0 + ,
(3.7)
Proofs
In this section we prove the results stated in Section 3.
Proof of Theorem 3.1. For any λ ∈ P d ,
and q is small the sum above is dominated by the contribution when σ is the identity permutation. In particular we obtain
Thus, in the limit as q → 0 the dominant weight will be given by λ such that j jλ j is minimised, i.e. λ = (d). This completes the proof.
Having established the first-order result we now turn to the higher order corrections. It follows from (4.5) that
Further, By choosing g to be identically equal to 1 we obtain Corollary 3.4, whereas choosing, for fixed (µ, ν), g(µ (1) , . . . , µ k ) = H(µ (1) , . . . , µ k , µ, ν), (4.13) Corollary 3.5 is just Theorem 3.3 for this particular case.
